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^ '. ABSTRACT 

O 

t^ I The canonical evolution and symmetry generators are exhibited for a Klein-Gordon 

(K-G) system which has been partitioned by an accelerated coordinate frame into a pair of 
subsystems. This partitioning of the K-G system is conveyed to the canonical generators 
Q ■ by the eigenfunction property of the Minkowski Bessel (M-B) modes. In terms of the M-B 

O '. degrees of freedom, which are unitarily related to those of the Minkowski plane waves, a 

near complete diagonalization of these generators can be realized. 
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I. MOTIVATIONS 

Both within a classical and a quantum mechanical framework all inertial frames are equiv- 
alent. This is expressed by the fact that the groundstates of a relativistic wave field in 

1 



these frames are one and the same. Thus all inertial refrigerators cooling the wave field 
produce the same quantum state, the Minkowski vacuum. 

1. Considers however an accelerated refrigerator. More specifically consider a pair 
of refrigerators accelerating linearly and uniformly into opposite directions. Their cooling 
operation results a quantum state that is strikingly different from the Minkowski vacuum. 
Its macroscopic manifestation can be characterized as a superfluid condensate of liquid 
light ^'2'^ . 

These refrigerators are each situated in their own respective linearly uniformly ac- 
celerated coordinate frames. The acceleration is such that these two frames are causally 
disjoint but jointly contain a Cauchy surface for all of Minskowski space-time. Conse- 
quently these two frames partition the wave field quantum system into two subsystems, 
which are respectively cooled by each of the two refrigerators. Each accelerated frame is 
static. The time evolution of the wave field in a frame is governed by its Hamiltonian. Any 
one of the field's stationary states is characterized by its conserved "boost" energy. The 
ground state for the subsystem is the Fulling state "^ . There also is a Fulling state for the 
other subsystem. The product of these two respective Fulling states is a quantum state 
for the total wave field system. In the framework of condensed matter physics this total 
wave field state is called a condensed vacuum (= "Rindler" ^'^ ) state. The motivation for 
this name is that on a macroscopic scale this state manifests itself as liquid light, a photon 
superfiuid condensate ^ . 

The framework within which condensed matter physics considerations arise is a Klein- 
Gordon system that has been partitioned by two accelerated frames into two subsystems 
whose symmetries and evolution bears a nonstandard relation to those of the total K-G 
system. 

2. One can obtain a general idea of the unusual relation between the pair of subsystems 
and the total system by contrasting the partioned K-G system, which has infinitely many 
quantized degrees of freedom, with an atomic system consisting of a pair of coupled angular 
momenta, which has only finitely many degrees of freedom. For the finite atomic system 
the familiar Clebsch-Gordon technology establishes a unitary relation between the pair of 
subsystems and the total systems. Guided by group representation theory, this technology 
allows one to classify and construct very systematically irreducible spaces of quantum 
states of the total system from the product of those of each subsystem. For the atomic 
system the symmetry group is the rotation group. It is unitarily implemented on the 
product states of the pair of subsystems as well as on those of the total system. 

By contrast the symmetry group for the partitioned Klein-Gordon system is the two 
dimensional Poincare group (= "semidirect product" of translations and boosts on 2-D 
Lorentz space time^). It can be implemented on the dynamical variables of the total 
system. It can not however be unitarily implemented on the quantum states of the system. 
In particular translations in the Lorentz plane do not have a unitary representation: the 
condensed vacuum state (= product of two Fulling vacua) is not translation invariant; 
it "breaks" the translational symmetry subgroup"^ . A translation would produce what 
amounts to an excited state with an infinite number of quasiparticles. It follows that this 



breaking of translational symmetry by the condensed vacuum state is an obstruction to 
constructing and classifying the K-G quantum states into irreducible unitary representation 
spaces of the two dimensional Poincare group in the Lorentz plane. 

3. To impose boundary conditions on a field, at some stage it invariably becomes 
necessary that one incorporate the space-time features of the reference frame. Take, for 
example, a Klein Gordon field in an inertial reference frame. This frame is equipped with 
the usual Minkowski coordinates and one therefore resolves the Klein-Gordon field into the 
familiar degrees of freedom, the Minkowski plane wave modes. They express the translation 
invaraince of the frame, and they also make the implementation for the Feynman boundary 
conditions very easy. 

If, by contrast, the field is described so as to incorporate the space-time features of 
a pair of accelerated frames, then one resolves the field into a different set of degrees of 
freedom, the Minkowski Bessel ^ (M-B) modes. 

These M-B modes readily leads to the total K-G system being partitioned into a 
pair of independent subsystems corresponding to the two accelerated frames. Furthermore 
these modes, being Lorentz boost eigenfunctions, express the invariance of the union of 
the two accelerated frames under Lorentz boosts. 

The incorporation of the space-time features of an accelerated frame can be extended 
from the field to its canonical symmetry and evolution generators. These quadratic ex- 
pressions are a vital ingredient for the quantum theory of the partitioned K-G system and 
as such give vital information about it. 

The purpose of this paper is to give for each of the two K-G subsystems the Minkowski 
Bessel mode expansion of their evolution and symmetry generators: they are the Lorentz 
boost, i.e. moment of mass energy and the generators of translation, i.e. linear momentum, 
into the transverse directions (Section II. A). The analogous generators are given for the 
total K-G system (Section II. B). Similarly for the total K-G system we give such Minkowski 
Bessel mode expansions for all four translation generators (Section III) 



II. SYMMETRY GENERATORS FOR THE PARTITIONED SYSTEM 



If a wave field system is invariant under a space-time symmetry generated by a 
("Killing") vector field 

^'^^^^m;^+^^;m = 0, (2.1) 

then the associated conserved current satisfies 

(e%-);. = 0. 

Here T/;' is the stress-energy tensor which for a Klein-Gordon (K-G) system is 

T^, = V,M V',. - \g^M.c.^.l39''^ + wV') (2.2) 

The conserved quantity which remains invariant under the symmetry transformation is 



j I lc^T;:d'j:, 



(2.3) 



space— like 
hypersurface 



Consider the three Killing vector fields 



Oxf^ dz 
and their corresponding canonical generators 

Pr = JJJ C'^T;:d'E, 

Py = JJJ ^y^l^^'^'^ 



5 d d _ d 

"^ dx^^ dt dx dr 

^ dx>^ dy 




Pz= III i'.nST., (2.5) 



where the integration is over a global space-like hypersurface. 



The Rindler coordinates ^ and r that mold themselves to these Lorentz and trans- 
lation vector fields, Eqs. (2.4), are related to the Minkowski coordinates by 

t = ±^ sinh r 
X = ±^ cosh r 

(The coordinate ^ is not to be confused with the vector symbol ^^ ) . Here < ^ < 
oo, — oo < r < oo and the two signs refer to the two respective accelerated coordinate 
frames I and II. In both of them the metric assumes the form 

ds'^ = -f dt^ + di^ + dy^ + dz^ . (2.6) 

The space-like integration surface of the canonical genrators, Eqs. (2.5), is partitioned by 
the pair of accelerated frames into the two parts 

{r = const] — oo > — ^ > 0} which lies in // 

and 

{r = const] < ^ < oo} which lies in / . 

All integration volume components d?Ti^ are therefore zero, except 

d^T^r = -ididydz, (2.7) 

which holds both in // and in / . 

Inserting Eqs. (2.2), (2.4), and (2.7) into Eqs. (2.5) and keeping track of the orienta- 
tion of the integration hypersurface in II, one obtains 

Pr = Hii + Hi 

-| pO /'OO /'OO -| /'OO /'OO /'OO 

= n / {■■■}\iidCdydz+- / / {■■■}\idCdydz (2.8) 

■^ J oo J —Qo J —OO ^ Jo J —oo J — oo 

with 

{■■■} = {|(V',r f + m.i f + (V'„ f + (V',. f + mv ] } , 



and 



P = Pn + Pi 



^OO ^OO -1 ^OO ^OO ^CXD -1 



oo J — oo J — oo 



{-i^,r^Mdidydz+ / / {-^,r^i^}didydz (2.9) 

S Jo J -oo J -oo S 



with 

Thus the Lorentz boost generator and the transverse translation generator decompose into 
pats which affect the pair of K-G subsystems 

with 

The physical interpretation of the boost generator P^ depends on the frame. Relative to 
the accelerated frame / , Hj is the conserved energy because r is the time parameter. 
Similarly Hji is the conserved energy for the accelerated frame // . Relative to the 
inertial frame the interpretation is different. The Minkowski frame integral, obtained from 

Eqs. (2.4) and (2.5), 

Pt = / / / ^ Toodxdydz 

t=Q 

implies that P^ is the total moment of mass-energy of the K-G system around the event 
t = X = . By contrast Hj is the partial moment of mass energy of subsystem / . 

A. Substystem Generators: Partial Diagonalization 

We shall reexpress the subsystem I evolution generator 

-1 l*OG l*00 pCO -I 

Hi = - / / {-(^,.)2+e[V,^)2 + (V.„)2 + (^,j2^mV] }dCdyci&.10) 

^ Jo J-QO J-OO S 

and the two subsystem / momentum components 

poo /'OO /'OO -I 

Pi = / / {jt(^,rVilj}dCdydz, (2.11) 

Jo J —oo J — oo > 

in terms of the Minkowski Bessel modes. 

1.) The Hamiltonian Hi 

First focus on the observer Hamiltonian Hj , Eq. (2.10). The task is simplified 
considerably with the help of the of the K-G field equation. It can be used to eliminate 
reference to derivatives with respect to the non-cyclic coordinate ^ : 

d 1 
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Thus the subsystem Hamiltonian Hj , reduces to 

-1 /'OO /'OO /'OO 

'O J — CXD J — OO 



Hi = - I / / { (^,r^,T -'i/''0,Tr)/^ + hP.y-^.y +i^i^,yy)^ 



+ (V',. V',. + V'V',.. )^ } t^^t^yrf^ . (2.12) 

Here we have performed an integration by parts (w.r.t. ^ ) and dropped the surface terms. 
Now introduce the K-G field expanded in terms of the globaUy defined Minkowski-Bessel 
modes 

B^ikU.kV). 

2. The Minkowski Bessel Modes 

These mode are defined on two dimensional Lorentz space-time spanned by t = ^{V + 
U) and X = ^{V — U) and are given by ^ 

1 f^ 

Bt{kU,kV) = — / (y^<^^t-k.x) ^-^^B^Q 

-| /'OO /'OO 

= — / / exp[Tik{Ue^ + Ve-^)/2] e-^"^^ de (2.13) 

27r J_^J_^ 



with 



Uk = k cosh 9 
kx = k sinh 6 



kl + kl + m? > (2.14) 



Their coordinate representatives for / and // are 



1 .. .,.^ -i..,^ re±^'^/2 in I 



IT 



B^ikU^kV) = -K,,(/cOe— :^_/2 : ,, , (2.15) 



gT^^/2 l^ II 



and they have the following relevant properties: 

(i) 

^Bt = -iuBt (2.16a) 

(ii) 

{B+r = BZ^ (2.166) 



(iii) 



The last integral follows from 

,2 



Jq t, 2a;smh7rc<; 

and Eq. (2.15) 

3. The Hamiltonian Hi (continued). 

Expanded in terms of these modes the K-G field is 



/OO f-OO poo MKyV + KzZ) -i{kyy-\-kzZ) 
/ / a^kB^ + a+, {Btr dudky d^ll) 

The last two integrals in Eq. (2.12) (involving the spatial derivations) vanish. This is 
because with ifj^x) given by Eq. (2.17), the first one, say, is proportional to 

/OO /'OO /'OO 

/ / [±k'^ky + k'^k'^] S{ky ± k'^) dkydk'^ = 0. 

-OO J —OO J —OO 

The second one involving kz and k'^ also vanishes. Thus the observer Hamiltonian 
Hj reduces to 

1 /'OO /'OO /'OO 1 

Hi = - / / -ii^,^i^,r-i^i^.rr)r'd^dydz. (2.18) 

^ Jo J -OO J -OO ^ 



This Hamiltonian can be readily expressed in terms of the quantum operators a^jfe and 
a^^ . The field •0 , Eq. (2.17), is given by 



where 

/OO /'OO /'OO ikyy+ik^z 
/ / S+(A;t/, A;y) a^^ dudkydk, 
-OO J —OO J —OO ' 



Thus the Hamiltonian Hj , Eq. (2.18), becomes 

-| /»00 /»00 /»CXD 

^ Jo J-oo J-oo 

^ / r^dc / / / ^'^^^'^ / / / ^'^'^^'^^ 

■^ ^0 J —OO J —QCl J —QCl J —QCl J —CO J —QCl 

;{ (-)S+ ua^^u' [B+ a^a' ^^(fc + k') + (S+ )* a+ ,, ^^(fc - k')] 



2 
1 



2 

- (-)S+ a;2a^^ [5+ a^,^, ^2^^ ^ ^/^ ^ (^+ )* ^+ ^^ ^2^^ _ ^/)] ^ ^^ I (2.19) 

where we used the eigenfunction property, Eq. (2.16a) 

The Minkowski Bessel modes B^ are even functions of ky and k;^ . This foUows from 
Eqs. (2.13) and (2.14). Thus there is no difficulty in doing the integration j j ■ ■ ■ d'^k' . The 
step next to the last is to perform the integration over the remaining spatial coordinate 
^ . Using Eqs. (2.16b) together with (2.16c) one obtains the Klein-Gordon subsystem 
Hamiltonian Hj , 

1 poo /'OO /'OO /'OO -1 

Hi = - / / dud'^k / duj' 



2 J_^J_^J_^ J_^ 2cc;sinh7rcc; 



1 /"OO /"OO /"CXJ 

^ 2 y_ /_ /_ ^"^' ^ 2c.sinh.rc. ^ ^^^ ""—' + "^^ ""-^ 



+ e--{a^ka+,+a+,a^k)}. (2.20) 

Without much ado one can readily see that the expansion for Hu , Eq. (2.8), is nearly 
the same. Equations (2.15) and (2.16c) dictate the replacement 

Thus Hjj decomposes into an analogous mode sum. 

-| /'OO /'OO /'OO 

i?// = -- / / / dud^k—^—- { a^fctt-^-fc + a+fca+^_^ 

2 /__./__ ./__ 2smh7rc^' c^fc a. /c 



OO ^ — OO J — OO 



+ e-'^'^(a^fca+, + a+,a^fc)}. (2.21) 
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4. The Transverse Subsystem Momenta Pi and Pn ■ 

To express Pj , Eq. (2.11), in terms of the Minkowski Bessel degrees of freedom in 
Eq. (2.17) is trivial compared to Hj . The result is, nevertheless, just as interesting. One 
obtains 

1 1"^ /"^ /-oo ^ 

Pi = o / / du(fk—^— { a^k a_^_fc + a+;^ ^t^-k 

2 J_^J_^J_^ 2smh7rw 

+ e''^{a^ka+, + a+,a^k)}. (2.22) 

Similarly for Pu in Eq. (2.9) one obtains 

-> 1 r°^ c^ /""^ k 

Pn = -- I I I ducfk—^— { a^fca_^_fc + a+fcal^_;, 

2 J_^J_^J_^ 2smh7ra; 

+ e---{a^ka+, + a+,a^k)}. (2.23) 

The K-G subsystem I is characterized by three commuting conserved canonical generators. 
As one can see from Eqs. (2.20) and (2.22) the Minkowski Bessel modes bring about a 
nearly complete but not quite total simultaneous diagonalization. 

The analogous result for K-G subsystem II is given by Eqs. (2.21) and (2.23). 

B. Total System Generators: Complete Diagonalization. 

The generator of boosts for the total Klein-gordon system around x = t = is merely 
the sum of the generatos, Eqs. (2.20) and (2.21), 

Pr = Hi + Hn 

-| /»oo /*oo i^oo 

+ - / / / c^(a,^fca+fc + a^f^a^k)dujdkydkz (2.24) 

^ J —oo J —oo J —oo 

Similarly the generator of transverse translations for the total K-G system is the sum of 
Eqs. (2.22) and (2.23), 



P = Pi + Pu 
1 
~ 2 



-| /»00 f-OO pCXJ 

- / / k{a^ka^k + a'lj^a^k)du}dkydk:, (2.25) 

^ J —oo J —QCl J —OO 



Thus the Minkowski-Bessel (boost eigenfunction) degrees of freedom bring about a com- 
plete diagonalization fo the boost generator and the transverse momentum of the total 
K-G System. 

III. TRANSLATION GENERATORS FOR THE TOTAL SYSTEM 

10 



An accelerated coordinate frame partitions the total Klein Gordon system into a pair 
of subsystems. This partitioning is incorporated into the very nature of the Minkowski 
Bessel modes (by virtue of the event horizons U = and V = being the coordinate 
chart boundaries). Nevertheless these modes are still unitarily related to the Minkowski 
plane wave modes (see Eq. (2.7). (Physically this means that emission and /or absorption 
matrix elements computed relative to the plane wave particle quantum state basis are equal 
to those computed relative to the quantum state basis associated with Minkowski Bessel 
mode particles.) Symmetry operations and dynamical evolution (in classical variables or 
quantum states) bring about changes which are generated by the canonical generators. 
Suppose these generators are expressed in terms of the Minkowski-Bessel degrees of freee- 
dom. Then the acceleration induced partitioning of the total K-G system can manifest 
itself classically and quantum mechanically through these canonical generators. 

Then canonical generator (for the total K-G system) which are of interest are the total 
inertial energy and momentum, the translation generators, 

Pt= I I lilT^d^x 




p.= UnTy^ 



X 



Py = j j ji^Tld^x 

P. = ///^-^^°'^'^ ^3.1) 

and the total moment of mass energy, the Lorentz boost generator, 

Pr = J J Jc'^T;:d'E, (3.2) 

The purpose of this subsection is to expand the inertial energy and momentum in 
terms of the Minkowski Bessel modes. This goal we can achieve in three steps. 

(i) Notice that all these generators can be obtained from a single scalar as follows: 

Recall the familiar plane we expansion of each generator 

i^^ = - / / / kf,{a,;ai + ai a^)d^k ^u = 0, 1, 2, 3 

where (/cq, h, /c2, h) = {-ujk, K, ky, k^) 



and Uk = \/kl ^-kl + kl + m? > 
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Consider the "generating" scalar 

V(x) = \ I I f e'^^^'^ara^ + a^ ar)(fk . (3.3) 



It follows that 



1 _a_ 



^M = - 7r37^(^) U=o /f^ = 0, 1, 2, 3 (3.4) 



are precisely the four translation generators, 

(PtjPxjPy.Pz) = (— -Po, -Pl,-P2, -P3) • 

Furthermore 

= -^^(^"JU'-o (3-6) 

Thus all four generators can be obtained by taking appropriate derivatives of the generating 
scalar V{x) . 

(ii) Relabel the modes in terms of the positive mass shell parameters 9,ky,kz, 
which are defined by 

ujk = k cosh 6]kx = k sinh 9 



k = Jkl + kl+w? (3.5) 



and in terms of which the boost (in the x — t plane) invariant measure is 

cPk 

= dOdky dkz (3-6) 

In terms of these parameters the Klein-Gordon Minkowski plane wave mode expansion is 

I I {o-ek fek + aj^fBk)dOdkydkz, (3.7) 

-00 J —00 J —00 



where 

/efc& = [2{2Tif]~^/'^ e'^^^^*'^^""^ e'^^yy^^'^'^ 



= [2(27r)^]"^/^ ^-tk[{t-x)e'' + {t+x)e-'']/2 g^Cfcy^^^^) 
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The familiar dynamical plane wave amplitude a^ is related to the reparametrized one 
by 

a0k = V/c cosh 9 a^ (3-9) 

Insert Eqs. (3.6), (3.8) and (3.9) into (3.3), and the generating scalar becomes 

-| /'OO /'OO l*OG 

V{x) = - / / expi-ikiUe'^ + Ve-^)/2]e'^''yy+''^'^ {aekat,, + a+,^a0k) dOdkydk, 

^ J —oo J — oo J — oo 

(3.10) 



where U = t — x; V = t + x . 

(iii) Implement the unitary transformation e~*^^/v^27r . This yields the Minkowski 
Bessel modes Eq. (2.13) from the relabelled plane wave modes in Eq. (3.8). It also gives 
the Minkowski Bessel dynamical amplitude 



J —QO 

In terms of these amplitudes and these M-B modes the generating scalar is 

-| /'OO poo pCO pCO 

^(^) = ^ / / / / B+_^,{kU,kV) e'^''yy+''^'\a^ka+,,, + al^a^>k)dwdu'dkydk, 

^ J — oo J — oo J — oo J — oo 

(3.11) 

From this generating scalar one can obtain the total K-G energy and momentum expressed 
in terms of the M-B degrees of freedom. One must use Eq. (3.4) to do this. 

One readily recovers the total transverse momentum, Eq. (2.25), from the generating 
scalar, Eq. (3.11). Using Eq. (3.4) together with 

^^-c.'(0,0) = 5{uj-u'), 

one obtains 

p ^ VP(x^)U.=o 

1 /'OO /'OO /'OO 

= -/ / / k{a^kO''tk^^'tk'^'^k) dudkydk^ 

^ J — oo J — oo J — oo 

^ Pl + Pll 

which agrees with Eq. (2.25). 
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Similarly one recovers the total moment of mass energy of the field, Eq. (2.24), by 
inserting (2.16a) into (3.5), 

Pr = -|:P(x^)U^=o 

-| /»00 /"OO /"OO 

= - / / / u){a^ka'^,^ + a'^,^a^k)du)dkydk:, 

^ J —oo J —oo J — oo 

One can also exhibit the expansions of the longitudital momentum components Pt 
and Px in terms of the Minkowski-Bessel degrees of freedom, but we shall delay doing this 
until we use them to discuss the longitudinal translational symmetry breaking of the K-G 
system. 

IV. CONCLUSION 

The basic result of this paper is that the total Klein-Gordon system, with its infinite 
number of dynamical degrees of freedom, is partitioned by an (linearly uniformly) accel- 
erated coordinate frame into a pair of independent dynamical subsystems. This result 
has been made precise by exhibiting the canonical evolution and symmetry generators for 
these subsystems (as well as for the total system) in terms of the Minkowski-Bessel degrees 
of freedom. They are those consitutents of the K-G system which exhibit its partitioning 
but are still unitarily related to the plane wave degrees of freedom. This Minkowski Bessel 
mode decomposition of the canonical generators is at the basis of the quantum dynamics 
of the acceleration partioned K-G system. These dynamics are discussed elsewhere ^ . 
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